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Abstract. We study expansion/contraction properties of some common classes of map- 
pings of the Euclidean space R",n > 2 , with respect to the distance ratio metric. The 
first main case is the behavior of Mobius transformations of the unit ball B" in R" onto 
itself. In the second main case we study the behavior of bounded analytic functions or 
polynomials of the unit disk. In both cases sharp constants are obtained. 



1. Introduction 

Conformal invariants and conformally invariant metrics have been some of the key 
notions of geometric function theory and of quasiconformal mapping theory for several 
decades. One of the modern trends is to extend this theory to Euchdean spaces of higher 
dimension or to more general metric spaces and new methods have been invented. It 
has turned out that we cannot any more expect the same invariance properties as in the 
classical cases, but still some type of "nearinvariance" or " quasi-invariance" is a desirable 
feature. The quasihyperbolic metric of a domain G C M",n > 2 is one of these new 
notions and it is known to be quasi-invariant in the sense described below and there are 
many reasons why one may regard it as a spatial version of the hyperbolic metric. Another 
crucial notion, which is the object of the present study, is the distance ratio metric. It is 
often applied to study quasihyperbolic geometry. Very little is known about the geometric 
properties of balls in these two spaces: only recently it was proved for instance that in 
some special cases for small radii the balls are convex |KH IK2[ IMV[ IV2[ IRTj no matter 
where the center is. This convexity property is expected to hold in general, but it has not 
been proved yet. 

We start with the definitions of some of the metrics relevant for our study. 
Distance ratio metric. For a subdomain G C and for all x,y & G the distance- 
ratio metric jo is defined as 



3G{x,y) = \og[l + 



\x - y\ 



min{(i(x, dG), d{y, dG)} 



where d{x, dG) denotes the Euclidean distance from the point x to the boundary dG of 
the domain G . The distance ratio metric was introduced by F.W. Gehring and B.P. Palka 
|GPj and in the above simplified form by M. Vuorinen |Vulj and it is frequently used in the 
study of hyperbolic type metrics [HIMPSj and geometric theory of functions. J. Vaisala's 
theory of quasiconformal maps in infinite dimensional Banach spaces is entirely based on 
the quasihyperbolic metric jVl] . 
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Let p & G, then for all x, y G G \ {p} 



3G\{p}ix,y) = log 1 + 



\x 



mm{d{x, dG) ,d{y, dG) , d{x , p) , d{y , p)} 



From the above formula it is easy to see that j-metric depends on the boundary of the 
domain highly. 

Absolute ratio metric. Let G be an open subset of M" with card dG > 2. For all 
X, y E G, the absolute ratio metric 6g is defined as 



SG{x,y) = \og{l+ sup \a,x,b,y\), \a,x,b,y 



\a — b\\x — y\ 



It is a well-known basic fact that 6^n agrees with the hyperbolic metric both in the case 
of the unit ball as well as in the case of the half space (cf. [Vu2[ 8.39]). 

Quasihyperbolic metric. Let G be an open subset of M" . For all x, y E G, the 
quasihyperbolic metric kc is defined as 

kG{x,y) = mf [ ^r.^. \dz\, 



7 d{z, dG) 

where the infimum is taken over all rectifiable arcs 7 joining x to ?/ in G. 

The hyperbolic metric in the unit ball or half space, the absolute ratio metric 5g are 
Mobius invariant. However, neither the quasihyperbolic metric kc nor the distance ratio 
metric jo are invariant under Mobius transformations. Therefore, it is natural to ask 
what the Lipschitz constants are for these metrics under conformal mappings or Mobius 
transformations in higher dimension. F. W. Gehring, B. P. Palka and B. G. Osgood proved 
that these metrics are not changed by more than a factor 2 under Mobius transformations, 
see |GPt Corollary 2.5] and |GOt proof of Theorem 4]: 

Theorem 1.1. If D and D' are proper suhdomains ofW^ and if f is a Mobius transfor- 
mation of D onto D' , then for all x,y E D 

^mD{x,y) < mD'{f{x)J{y)) < 2mD{x,y), 

where m G {j, k}. 

R. Klen, M. Vuorinen and X. Zhang proposed a conjecture in [KVZ]: 

Conjecture 1.2. Let a G B" and /i : B" — )■ B" 5e a Mobius transformation with h(a) = . 
Then 

jBn {h{x),h{y)) ^ , I I 
sup = 1 + |a|. 

Remark 1.3. The sharpness of the constant is proved in [KVZ[ Remark 3.4] hy taking 
X = ta/\a\ = —y, t G (0, 1) and letting t — )■ 0"*". 

In this paper, we find sharp Lipschitz constants for the distance ratio metric under 
Mobius transformations of the unit ball in M" and for n = 2 under analytic functions or 
polynomials of the unit disk. 

Main results 
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Theorem 1.4. Let a G B" anc? / : B" ^ B" = /(B") be a Mohms mapping with f{a) = 0. 
Then for all x,y E B" 

. j M"{x,y) < Mn{f{x)J{y)) < (1 + |a|)jB"(x, y), 
1 + \a\ 

and the constants Yt\a\ ^'^'^ 1 + (^f^ both best possible. 

Theorem 1.5. (1) Let a G and / : — t- B^ be a Mobius mapping with f{a) = 0. 
Then for all x,y eM."^ 

^jM^{x,y) < M2{f{x)J{y)) < 2ja2{x,y), 

and the constants \ and 2 are both best possible. 

(2) Let a G anc? / : \ {a} ^ B^ \ {0} be a Mobius mapping with f{a) = 0. Then 
for all X, y G \ {a} 

^M^\{a}{x,y) < jM'^\{0}{f{x),f{y)) < 2jH2\{a}(a;,2/), 

and the constants | and 2 are both best possible. 

Theorem 1.6. Let {a^} be a sequence of complex numbers and Yl'k=o < 1- Let 
/ : B^ — > B^ be a non-constant mapping with f{z) = YlT=o^kz'' . Then for all x, y G B^ 

h^{f{x),f{y)) < M^{x,y), 

and this inequality is sharp. 

It should be noted that these metrics can be estimated one in terms of the other and 
the hyperbohc metrics p^n and ph" • For instance we have the foUowing inequahties |Vu2t 
2.41] and |^VVl 7.56] 

^PB"(a;,2/) < im-'ix.y) < hr^ix^y) < p^r^ix^y) ,W x,y G B" , 
^pM"{x,y) < jm"{x,y) < ku^{x,y) = p^^{x,y) ,\/ x,y G W . 

2. LiPSCHiTZ Constants under Some Special Mappings 

Mobius transformations. The group of Mobius transformations in M" is generated 
by transformations of two types 

(1) reflections in hyperplane P{a, t) = {x E MJ^ : x ■ a = t} 

fi{x) = X - 2{x ■ a - t)-^, /i(oo) = oo; 

(2) inversions (reflections) in S'"'^^{a, r) = {x G M" : \x — a\ = r} 

/2(x) = a + —, /2(a) = 00, /2(oo) = a. 

\x — 

If G C we denote by QAi{G) the group of all Mobius transformations with fG = G. 
We denote a* = ^ for a G \ {0}, and 0* = cx), cx)* = 0. For fix a G B" \ {0}, let 

(2.1) aaiz) = a* + r^{x - a*)*, = \a\-^ - 1 
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be an inversion in the sphere S"' ^(a*, r) orthogonal to 5" ^ (see Figured]). Then o"a(a) 
0, aa{a*) = oo and 

(2.2) \(Ta{x) - aa{y)\ 



^2 


X 


-y 




x — a* 


\y - 


a*\ 




Figure 1. 



Lipschitz mappings. Let (X, dx) and {Y, dy) be metric spaces. Let / : X — )■ F be 
continuous and let L > 1. We say that / is L-lipschitz, if 

dYifix)J{y)) < Ldxix,y), forx, y e X, 

and L-bilipschitz, if / is a homeomorphism and 

dx{x,y)/L < dYifix),f{y)) < Ldx{x,y), forx, y e X. 

A l-bilipschitz mapping is called an isometry. 

The so-called monotone form of I'Hopital's rule is useful in deriving monotonicity prop- 
erties and obtaining inequalities. 

Lemma 2.3. [AVVl Theorem 1.25]. For -oo < a < b < oo, let f, g : [a, b] —f- R 

be continuous on [a,b], and be differentiable on {a,b), and let g'{x) on {a,b). If 
f'{x)/g\x) is increasing (deceasing) on {a,b), then so are 

fix) - f{a) fix)- fib) _ 

g{x)-g{a) g{x)-g{b)' 

If f'{x)/g'{x) is strictly monotone, then the monotonicity in the conclusion is also strict. 
Theorem 2.4. (1 ) Let f -.U^ ^ with f{z) = f^. Then for all x,y e H^, 

jM2ifix)Jiy)) < 2M2ix,y), 

and the constant 2 is best possible. 

(2) Let / : \ {i} ^ B2 \ {0} with f{i) = 0, f is the same as (1). Then for all 
x,yem^\{i}, 

M^\{o}ifix)Jiy)) < 2je2\{i}(a;,2/), 
and the constant 2 is best possible. 

Proof. It suffices to show the sharpness of the inequalities by Theorem 11.11 
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(1) Let X = t + ai and y = ai, where a > and t > 0. Then 



^.^ jB<f{t + at),f{at)) ^ ^.^ log(l + MhT)Wt' + (g + 1)2 + + (g - 1)2) 
t^oo jH2(t + gi,gi) i-i-oo log(l + ^) 

= hm 



t^oo log(i) 
= 2. 

Hence the constant 2 is best possible. 

(2) Let X = t + ai and y = ai, where < a < | and t > 1. Then 

jB2\{o}(/(x),/(y)) ^ jM4f{x)J{y)) 
jm^\{i}{x,y) im?{x,y) 

By (1) we obtain that the constant 2 is best possible. □ 

Theorem 2.5. (1) Let / : ^ wi/i /(2) = i^^. Then for all x, ?/ G 

jm^{f{x)J{y)) < 2jM2{x,y) , 

and the constant 2 zs best possible. 

(2) Let / : B^ \ {0} ^ \ {i} with /(O) = i, f is the same as (1). Then for all 
X, y E G 

M^\{t}{f{x),f{y)) < 2jB2\{o}(a;,2/) , 
and the constant 2 is best possible. 



Proof. By Theorem II. H we only need to show that 2 is best possible.. 
(1) For t = X = —y, t G (0, 1), we get 

M.{f{x)J{y)) = log(l + 



(l-t)2^ 
2t , 

= 21og(l + ^) 
= 2jB2(a;,?/). 

Therefore, the constant 2 is best possible. 

(2) Since for t = a; = —y and | < t < 1 we have 

M^\{i}{f{x),f{y)) = jm^{f{x),f{y)) = 2j^2{x,y) = 2j^2\^o}{x,y), 
the constant 2 is best possible. □ 



Lemma 2.6. Let k G (1, oo), 6 G (0, §) and r G (0, 1). Then 
(^) /i(^) = T^e - decreasing from (0, f ) to (-oo, 0). 

(2) fiir) = lijii;^^^)^^ is decreasing from (0, 1) to 1). 

/3(r) = \f^('l;''-r-r''^ decreasing from (0, 1) to /c). 

r sin '' 
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Proof. (1) By differentiation, 

m = k[g{l) - gik)l 

where g{k) = j^z^^- Since 

6(1 - sin ke + cos'^ k9) 

^ ^ = ^ — n -TaVs > 0' 

(1 — sm k6y^ 

we have f[{0) < and hence /i is decreasing in (0, ^). The hmiting values are clear. 

(2) By differentiation, 

[1 - (1 -sinfc^)rY/2(^) 
= -(A; - 1)(1 - sin^)(l - sinA;^)r'^ + k{l - sin kOy-^ - (1 - sin ^) 
= h{r). 

Since 

h'{r) = k{k- 1)(1 -sinfc^)r'=-2[l -r(l -sin^)] > 0, 
we have h is increasing in (0, 1) and hence h{r) < h{l). By (1), 

h{l) = (1 -sin0)(l -sinA;^)/i(^) < 0. 

Therefore, f2if) < and hence /2 is decreasing in (0, 1). The limiting values are clear. 

(3) Let /3(r) = here gi{r) = log(l + ^x^^) and g2{r) = log(l + Then 
gi{l~) = 5'2(1~) = 0, by differentiation, we have 

9'iir) 



kh{r). 



Therefore, /s is increasing in (0, 1) by Lemma [2.31 By rHopital's Rule and (2) we get the 
limiting values easily. □ 

The planar angular domain is defined as 

= {re'^ eC:0<e<ip,r>0}. 

Lemma 2.7. Let f : Sj^/k — )■ with f{z) = {k > 1). Let x,y E S^^jk with arg(x) = 
aig{y) = 9. Then 

< Jh2(/(x),/(?/)) < kjs^^,{x,y). 

Proof. Since j— metric is invariant under stretchings, we can assume that x = re*^ and 
y = e^^, < r < 1. By symmetry, we also assume < < Then 



M^{f{x),f{y)) log(l + ^ 



l-r 



k 



r'' sin k9 > 



l-r 



js^iA^^y) log(l , 

By Lemma [2.6( 3). we get the result. □ 
Lemma 2.8. Let n (^n, ^ < 9 < ^ . Then for x,y G i?" \ {0}, 



2n ■ 

la;" — w"! la; — v\ 

\xr sinn9 \x\ sin9 
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Proof. It is clear that (12. 8 p holds if n = 1. 

Next, suppose that fl2.8p holds when n = k . Namely, 

(2.9) 1 1 < (1 I \^-y\ ^ 

Ixp sin k9 ~ \x\ sin 6'' 



where < ^ < ^. 

Then, if n = A; + 1, we have < ^ < < § and by ([23D, 

(1+ i^-^i )^'+^ > (1+ '^!~^'')(i+ '^,~^') 

|x|sin^ |xpsin/c6' |x|sin6' 

~ |a;|sin^ Ixl'^sinkO \x\ 



> 1 + 



|x|'^+^sin6' Ixl'^+^sinfc^ 



Ixl'^+i sin(fc + 1)6' 

This completes the proof by induction. □ 

Theorem 2.10. Let f : S^/k with f{z) = z^{keN). Then for all x,y e S^/k, 

jM^{f{x),f{y)) < kjs^/,{x,y), 
and the constant k is best possible. 

Proof. By symmetry, we can assume that d{f{x),dlf) < d{f{y),dlf). Hence by Lemma 
12. 8[ we obtain 

M^if{x)Jiy)) = log(l + 



\x — y \ 



x\'' sin k6' 

\x-y\^ 



x\ sin 6' 



< k\og{l 

< kjs^^,{x,y), 

where < ^ = min{arg(x), | — arg(x)} < ^. 

Let X = re*" and y = e*", where < a < ^ and < r < 1. Let r — 0, then by Lemma 
12.6( 3) and Lemma \2.7\ we know that the constant k is best possible. □ 

Lemma 2.11. For z G C and p we have 

log(l + 1^^-11) <plog(l + |2-1|). 

Proof. Putting 2; = m + 1, we obtain 

1 + 1^^-11 = 1 + 1 E(!!)«l<i + E(^)ki' = (i + kir = (i + k-iir, 

fc=l ^ ^ A:=l ^ ^ 



and the claim follows. □ 

Lemma 2.12. Let denote the class of all polynomials with exact degree d{ d > 1) 
which have no zeros inside the disk B^. 
If Q e Q*^ and u,v e B^, then 



\u — 


v\ 


1 - 


\v\ 



d 
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Proof. A polynomial Q{z) with zeros {—ak}{k = 1, 2, • • • ,d) has a representation in the 
form 

d 

Q{z) = Cl[{z + ak),C^O. 

k=l 

Since Q{z) 7^ for 2; e then necessarily \ak\ > 1. 
Therefore, 

- lEnooi^En 



< 



fc=l 

< fl+l— ^) -1. 



M — 


v\ 


1 - 


\v\ 



\u — 


v\ 


1 - 


\v\ 



□ 

Remcirk 2.13. Note that, since l^rr — 1| > l^rrl — 1, we also obtain 

' I Q{i;) I — I Q(v) I ' 

Theorem 2.14. Letp e N ano? {ajt} he a sequence of complex numbers with |afe| < 1- 
Letf : B2\{0} ^ B2\{0} withf {z) = ELi "fc-^*" an(^/(0) = 0. Then for all x, y e M'^\{0} 

jM^\{o}if{x), f{y)) < piB2\{o}(2^, y), 

and the constant p is sharp. 

Proof. For y e B^ \ {0} , we have 

= iog(i + „i„{|,|,|ji;r-ti,i-i!/i}* 

and 

jB^\{o}(/(^), f{y)) = iog(i + ^^^^^^^), 

where T = min{|/(x)|, 1 - \f{x))\, 1 - |/(y)|}. 

Case 1. T^l-\f(x)\. 
Since 

\f{x)-f{y)\ = \x-y\\j2(^,{ ,tV)| 

k=l i+j=k—l 
00 k—1 

< \x-y\J2\ak\{J2\^n 

k=l i=0 
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and 

1-1/(^)1 > X^|a,|-^|a,||x|^ 

fc=l k=l 

p fc— 1 

= {i-\x\)Y,w\C£\x\% 

k=l i=0 

we obtain 

M^\{o}{f{x),f{y)) < log(l + i^^) 

Case 2. T=l-|/(t/)|. 

It can be treated similarly to Case 1. 

Case 3. T=\fiy)\. 

Now if is m-th order zero of / and since / obviously has no other zeros in B^, we get 
f{z) = z^Q{z), Q G Q*^, m + d = p, here Q*^ is as in Lemma [2A21 
By Lemma 12.121 and Remark I2.13[ it follows 

\f{x)-fiy) ,x™Q(x) 



\f{y)\ 'y'^Qiy) 



y"- ) Q{y) Q{y) ' 

Q{x) Q{x) 



7V l-\y\ 



Therefore, by Lemma [2.111 we have 



< rfiog(i + i^)+log(l + |:— -l| 



< PJB2\{o}(a;,l/), 

and the proof for case 3 is done. 
Case 4. T = \f{x)\. 

It can be treated analogously to Case 3. 

For the sharpness of the inequality, let f{z) = { p E N). For s, t e (0, |) and s < t, 
we have 

fP — t 
jB2\{0}(/W, f{s)) = log(l + ) = plog(-) = pjB2\{0}(i^, S). 

Therefore the constant p is sharp. □ 
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Theorem 2.15. Let f{z) = a + r^g^ be the inversion in 5*" ^{a,r) with Ima = 0. 
Then /(H") = W and for x,y e W, 

je"(/(a;),/(y)) < 2je"(a;,y). 
The constant 2 is best possible. 



Proof. The inequahty is clear by Theorem ll.li 
Putting X = i, y = t + i, t > 0, we have 

,„„ M,nt^ ^)) ^ 108(1 + iVTT?) ^ 1^ _ 2. 

t-s>oo jH"{ht + i) t-s-oo log(l + t) t^oo logt 

Hence the constant 2 is best possible. 



□ 



3. Proof of Main results 

In order to prove Theorem ll.4[ we first need some lemmas. 

Lemma 3.1. [HI Theorem 3.5.1, p. 40]. Let f be a Mobius transformation and f{B"') = 
B". Then 

f{x) = {ax)A, 

where a is a inversion in some sphere orthogonal to S*""^ and A is an orthogonal matrix. 

Lemma 3.2. Let a,b E B". Then 
(1) 

|a|> - a*|2 -\h- a|2 = (1 - \a\^){l - 



(2) 

1161 - \a\ 



< 



l-\a\\l 

Proof. (1) By calculation, we have 

|aP|6 — a*p — 16 — a 





b — a\ 


/ \b\ + \ 


\a\ 


a 


\b — a*\ 


~ 1 + 





\am' + ^,-^-^]-m'+\a\'-2{b.a)] 



\a\ \a\ 

\'2\i.\2 I |2 |T|2 



= l + \a\'\b\'-\a\'-\b\' 

= {i-\ar){i-m. 

(2) This can be obtained by |Vu2| Exercise 2.52, p. 32] directly. □ 
Lemma 3.3. Let c,d E (0,1), 9 e (0, 1] . Then 



log 11+^ 

(1) f{6) = — J increasing. In particular, 



log 1 



2cde 

1-cd 



< 



(2) g{6) = ^^^I^^Q^ is decreasing. In particular, 

arth(c^) ^ 
arth^ ~ 
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(3) 



2cde \ f^^c{l - d)\ ^^^c{l-d) + 2cde 



1 — cdJ V 1 + cd / 1 — cd 

Proof. (1) Let fi{e) = log(^l + and /2(0) = \og(l + f^). Then we have /i(0- 

/2(0+) = and 



f^{9) ^ l-cd + 2cd9' 
which is clearly increasing in 6. Therefore, the monotonicity of / follows from Lemma 
12.31 The inequality follows by the monotonicity of / immediately. 

(2) Let gi{e) = arth(c^) and g2{0) = arth^. Then we have ^i(0+) = ^2(0+) = and 

9m l-c\ 



which is clearly decreasing in 6. Therefore, the monotonicity of g follows from Lemma 
12.31 The inequality follows by the monotonicity of g and THopital's Rule immediately. 

(3) It is easy to prove by direct calculation. □ 

Now we are in a position to give a short proof of Theorem II. 4[ 

3.4. Proof of Theorem 11.41 It is trivial for a = 0, therefore, we only need to consider 
a 7^ 0. Since j-metric is invariant under orthogonal transformations and by Lemma (3. 11 
for x,y,a G B", we have 

JB" (/ (x) , / (y) ) = JB" ((Ta (x) , O-a (y) ) , 



where Caix) is an inversion in the sphere S*" ^{a*, — 1) orthogonal to 5*" ^ . Thus, 

it suffices to estimate the expression 

\q„ a _| \(ya{x)-aa(y)\ 



J{x,y;a) = 



\a\ 


\x 




a*\ 




\x — a\ 




\a\ 


\x 


— a 


* 





Let r = max{|x|, \y\} and suppose |cra(x)| > \(Ta{y)\. Then by (12. 2p . we have 

min{l - \cra{x)\, 1 - \(ra{y)\} = 1 - Wai^x) 
We first prove the right-hand side of inequality. By Lemma 13. 2^ we get 

= log(l + 

= iogri+ 'f-^l'r"*'l (i+ 



(1-1 


a 


\')\x- 


-y\ 




a 


\y - 


\x — a*\ 




\x — a\) 



\x — 


y\ 




\x - a*\ 


+ 1 


X — a ) 




\a\ 


\y- 


-a*|(l • 




\x 







X — a\ 




\a\ 


\x — a*\ 



1 — — a* 
< log 1 + - 7(1 + 1 ^)(1 + 



1 — \y — a*\ 1 + |a| |a;| 

; \x — y\ , \a\\x — y\., \a\(l — r) 
< log 1 + ^ ^(1+ ' ' , , )(1+ ' ' 



r 1 — a r 1 + a r 
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Then 

iog(i + fe?(i + ^)(i + ^; 



Jix,y;a) < 



log(l + ^ 
log(l + g!:(l + gF)(l + ^) 



where 6 = ^Ar^. 

By Lemma 13.31 it follows 



2|a|r6' 



log(l + ff^ 

^ l-|a|r 



2|a|r 



< 1 



1 + 



2r0 
1-r 

log(l+i^ 
arth(|a|r) 



arthr 
< l + 

Therefore, we get 

h"{f{x)J{y)) < {l + \a\)jBn{x,y). 

The sharpness of the upper bound 1 + \a\ is already proved in |K VZj . 

For the left-hand side of inequality, we note that f^^{x) = A~^a~^{x) = A~^aa{x), 
here aa{x) and A are as above. Since A is an orthogonal matrix and so is y4~^. Then by 
the above proof, for x, ?/ G B", we get 

h"{f~\x),f-\y)) ^ jMn{(Ta{x),aa{y)) < ^ ^ i i 
jB"{x,y) jM"{x,y) 

Therefore, we have 

(3.5) h^{f{x),f{y)) > \ inn{x,y). 

1 + \a\ 

This completes the proof. □ 



3.6. Proof of Theorem 11.51 A Mobius transformation satisfying the condition in 
Theorem 11.51 is of the form 

f{z) = e^"^ 
z — a 

and hence 

^ ' 1 - e- 
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where a is a real constant. Since j-metric is invariant under translations, strecthings of 
onto itself and rotations of onto itself, we can assume that a = i and a = 0. Then 
we have . ^ 

f{z) = — — and f~^{z) = i- . 

z + I 1 — z 

By Theorem 12.41 and Theorem 12.51 we get the results immediately. □ 

3.7. Proof of Theorem 11.61 Let r = max{\x\,\y\} and suppose that |/(a;)| > \f{y)\- 
Then 

\x-y\ . 

l-r ' 
and 

jM^ifix), f[y)) = log(l + -YZ^jji^)- 

Similarly to the proof of Theorem 12.141 Case 1, we have 

oo 

k=l i+j=k—l 
oo fc— 1 



{x,y) = log(l + 



x\ 



and 



k=l i=0 



k=l k=l 

oo fc— 1 

[i-\x\)Y.\^k\iY.\^n. 



k=l i=0 



Therefore, 



Afix)Jiy)) < log(l + < jb^(x,i/). 

1 — \x\ 



For the sharpness of the inequality let = 1, = 0, i 7^ p, i.e., f{z) = z^{pEN). For 
s, t E (0, 1) and s < t, we have 



1-s 



t^l- jB^{t,s) t^l- lOg, 

loe 

— lim 



logi-| + logii^^^^ 



t^i- log 14 
= 1. 

Therefore the inequality is sharp and the sharpness also clearly holds for identity. □ 

Conjecture 3.8. Let a G and / : B^ \ {0} — ^ B^ \ {a} be a Mobius transformation 
with /(O) = a. Then for x,y eM'^\ {0} 

M^\{a}{f{x)J{y)) < C{a)jM2\{o}{x,y), 
where the constant C{a) = 1 + (log |q^)/ log3 is best possible. 
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